We provide an upper bound of the size of a subset A of F n p that does not admit a k-star of 3-APs. Namely, A contains no configuration of k 3-APs, sharing the middle term, such that all 2k +1 terms are distinct. In the proof, we adapt a new method in the recent work of Sauermann.
Introduction
Let p be a prime number at least 3. Inspired by the breakthrough by Croot, Lev and Pach [CLP17] , Ellenberg and Gijswijt [EG17] succeeded in providing an upper bound on the number of elements of a set A in F n p that is (non-degenerate) 3-AP-free. That means, there exists no triple (x 1 , x 2 , x 3 ) = (a, b, c) ∈ A consisting of three distinct elements that is a solution of the linear equation x 1 − 2x 2 + x 3 = 0. ('AP' stands for an arithmetic progression.) Their result states that such an A satisfies (♠) #A ≤ (Λ 1, 1 3 ,p−1 ) n for all p ≥ 3 and n ≥ 1, where #A means the cardinality of A. Here for α ∈ R >0 and for m, h ∈ N, Λ m,α,h denotes the minimum of the function G : (0, 1] → R; G(u) = u −αh (1 + u+u 2 +· · ·+u mh ). (It is more common to use the symbol Γ p,3 for this constant; we use the symbol above to follow more general notation in our sequel paper [MT19, Definition 2.6].) It follows from [BCC + 17, Proposition 4 .12] that 0.8414p ≤ Λ 1, 1 3 ,p−1 ≤ 0.918p for all p ≥ 3. In this short paper, instead of the equation x 1 − 2x 2 + x 3 = 0, we study the following system of linear equations in F n p :
The configuration of the solutions of S * k is a k-tuple of 'crossing 3-APs', namely, k (not necessarily distinct) 3-APs (x 1 , x 2k+1 , x 2 ), (x 3 , x 2k+1 , x 4 ), . . ., and (x 2k−1 , x 2k , x 2k+1 ), with common middle term x 2k+1 . For A ⊆ F n p , an S * k -semishape in A means a solution (x 1 , x 2 , . . . , x 2k+1 ) ∈ A 2k+1 of S * k . (Semishapes correspond to cycles in [Sau19] .) We say it is degenerate if #{x 1 , x 2 , . . . , x 2k+1 } < 2k + 1; otherwise, an S * k -semishape is called an S * k -shape, or simply a k-star. Namely, an S * k -shape in A is a 'distinct k-star of 3-APs' in A. See figure 1. The goal of the paper is to provide an upper bound on the size of A ⊆ F n p that is S * k -shape-free. Our main theorem states that essentially the same estimate as (♠), up to scalar multiple by k 2 , applies to our setting.
Theorem 1.1 (Avoiding a k-star). Let p ≥ 3 be a prime and n, k ≥ 1. Assume that A ⊆ F n p does not admit any S * k -shape. Then we have (♣) #A ≤ k 2 (Λ 1, 1 3 ,p−1 ) n . We emphasize that the following two types of problems are completely different in general: the problem of prohibiting semishapes that are not singletons, and that of avoiding shapes. Here a semishape is called a singleton semishape if it consists of one point. For instance, it is rather 'straightforward' to observe that the same bound as (♠) applies if we furthermore require that the set A ⊆ F n p does not admit non-singleton S * k -semishapes. Indeed, if (a, b, c) is a non-degenerate 3-AP in A, then (a, c, b, b, . . . , b) is a non-singleton S * k -semishape. This argument breaks down in our setting. Tao's slice rank method [Tao16] , which reformulated the proof technique in [EG17] , works effectively for problems of the former type. In contrast, there is no direct interpretation in terms of slice rank for problems of the latter type. Compare with [MT19, Definition 2.2].
Naslund addressed [Nas17] the problem of the latter type for the equation x 1 +x 2 +· · ·+ x p = 0 in F n p . Recently, Sauermann [Sau19] has provided substantial improvement of the upper bound in that setting. Our proof of Theorem 1.1 is inspired by Sauermann's method. We note that there are two major differences from her original argument. First, one of the keys [Sau19, Lemma 3.1] to her proof collapses when we collect S * k -semishapes of the form (a, c, b, b, . . . , b), which appeared in the argument above. This issue arises from a lack of the full symmetry of the coefficients in the system S * k of equations. We overcome this difficulty by choosing a 'well-behaved' labeling of points in semishapes from a fixed pointconfiguration type; see the argument in 'Case 2' in the proof of Theorem 1.1. Secondly, in our modification (Lemma 2.2) of the key lemma [Sau19, Lemma 3.1], works 'too' ideally. It enables us to have a considerably better bound in Theorem 1.1: the direct application to Sauermann's method would give a bound of the form #A ≤ C
We define disjointness of 3-APs in the same manner as above. Following [Sau19] , we define the following notion: for 1 ≤ i < j ≤ 2k +1, we say that (x, y) ∈ X i ×X j is (i, j)-extendable inX if there exists an S * k -semishape inX whose i-th term is x and j-th term is y. Here for a semishape (x 1 , x 2 , . . . , x 2k+1 ), the i-th term of it means x i .
In the proof of Theorem 1.1, we employ the following result, which may be seen as the multicolored version of the bound of 'non-singleton S * k -semishape'-free subsets. See [BCC + 17, Section 3] for more backgrounds on the multicolored version. This might be known to experts; at least, the statement for k = 1 is a well-known generalization of the Ellenberg-Gijswijt theorem [EG17] . Nevertheless, we include an outlined proof for the reader's convenience.
Assume that they satisfy that
Then, we have s ≤ (Λ 1, 1 3 ,p−1 ) n . Proof. Here we only provide an outlined proof. For k = 1, as we mentioned above, the assertion is well known to experts. It follows from the proof of the Ellenberg-Gijswijt bound [EG17] by slice rank method. See [BCC + 17, Section 3]; we also refer the reader to [MT19, Definition 4.2 and Corollary C] and [LS19, Section 9] for more details on the use of the slice rank method in the multicolored setting.
For k ≥ 2, we may reduce the problem to the case where k = 1 in the following argument; it is similar to the 'straightforward' argument mentioned in the Introduction from 3-APs to S * k -semishapes. Fix k ≥ 2. Suppose that s > (Λ 1, 1 3 ,p−1 ) n . Apply the assertion of Theorem 2.1 for k = 1 to X 1 × X 2 × X 2k+1 . Here for j ∈ [2k + 1], we define X j := {x j,i : 1 ≤ i ≤ s}. It implies that there exist i 1 , i 2 , i 2k+1 with #{i 1 , i 2 , i 2k+1 } ≥ 2 such that (x 1,i 1 , x 2,i 2 , x 2k+1,i 2k+1 ) is a 3-AP. Then, the following (2k + 1)-tuple
is an S * k -semishape in X 1 × X 2 × · · · × X 2k+1 ; it violates the condition above for k. Therefore, we obtain the bound s ≤ (Λ 1, 1 3 ,p−1 ) n even for k ≥ 2. Proof of Theorem 1.1. We prove the statement of the theorem by induction on k. The initial case k = 1 is the well-known result of Ellenberg and Gijswijt [EG17] .
So we move on to the induction step. Let k ≥ 2. We assume that the statement holds for k − 1, and we shall show the statement for k. (A reader may read the proof below assuming k = 3, which essentially contains everything needed for the general case.) In the induction step, we consider both S * k -(semi)shapes and S * k−1 -(semi)shapes. Since (semi)shapes of our main concern are S * k -(semi)shapes, we call them simply (semi)shapes. Hence, a '(semi)shape' in the remaining part of the proof always means an S * k -(semi)shape; we do not use any abbreviation for an S * k−1 -(semi)shape.
Let A ⊆ F n p be shape-free. Let t := 1 k 2 #A . We distinguish the following two cases. Case 1. There does not exist t disjoint S * k−1 -shapes in A. Case 2. There does exist t disjoint S * k−1 -shapes in A.
In Case 1, take a maximal family of disjoint S * k−1 -shapes in A, and delete all the points in these S * k−1 -shapes from A. Note that each deleted S * k−1 -shape has 2k − 1 points. So the resulting set A ′ satisfies
By construction, this A ′ ⊆ F n p is S * k−1 -shape-free, and it follows from the induction hypothesis that #A ′ ≤ (k − 1) 2 (Λ 1, 1 3 ,p−1 ) n . Hence, in Case 1, we obtain that #A ≤ k 2 (Λ 1, 1 3 ,p−1 ) n . In Case 2, take t disjoint S * k−1 -shapes in A. For each S * k−1 -shape a := (a 1 , a 2 , . . . , a 2k−1 ), where the last element a 2k−1 is the common middle term of the 3-APs, we see that a := (a 1 , a 2 , a 1 , a 2 , a 3 , . . . , a 2k−1 ) ∈ A 2k+1 , which is a concatenation of (a 1 , a 2 ) and a, is a semishape in A. Define a collection M of t disjoint semishapes
For each i ∈ [2k + 1], let X i as the set of all i-th term of semishapes in M . By disjointness, #X i = t for each i ∈ [2k +1]. Furthermore, 2k −1 sets X 1 , X 3 , X 5 , X 6 , . . . , X 2k+1 are pairwise disjoint; X 1 = X 3 and X 2 = X 4 . We claim that every semishape (x 1 , x 2 , . . . , x 2k+1 ) inX := X 1 × X 2 × · · · × X 2k+1 satisfies that x 1 = x 3 and that x 2 = x 4 . Indeed, if x 1 = x 3 , then x 1 + x 2 = x 3 + x 4 (= 2x 2k+1 ) implies that x 2 = x 4 . Using pairwise disjointness of X 1 , X 2 , X 5 , X 6 , . . . , X 2k+1 , we have that x 1 , x 2 , . . . , x 2k+2 are all distinct 2k + 1 points which consist of a shape in A, a contradiction. Similarly, we have that x 2 = x 4 . Now define B := {(x, y) ∈ X 1 × X 2k+1 : (x, y) is (1, 2k + 1)-extendable inX}. The following is the key lemma to the proof, which substitutes for [Sau19, Lemma 3.1]:
Lemma 2.2. Let (x, y) = (x ′ , y ′ ) be two elements in B. Then we have that y = y ′ .
Proof. Suppose the contrary: (x, y) = (x ′ , y ′ ) and y = y ′ . Then x = x ′ . By assumption, there must exist two distinct semishapes (x, x 2 , x, x 2 , x 5 , x 6 . . . , x 2k , y) and (x ′ , x ′ 2 , x ′ , x ′ 2 , x ′ 5 , x ′ 6 . . . , x ′ 2k , y) inX. However, then we would find a semishape (x, x 2 , x ′ , x ′ 2 , x 5 , x 6 . . . , x 2k , y) inX, which violates x 1 = x 3 . A contradiction.
Note that Lemma 2.2 has a great byproduct: It implies that B ∋ (x, y) → y ∈ X 2k+1 is bijective; in particular, it follows that #B = t. This explains the second difference from Sauermann's original argument, as we discussed in the Introduction. (In her setting, the outcome is that #B ≤ p n .) In what follows, we claim that every semishape inX is in fact an element in M , in other words, we verify that we can apply Theorem 2.1 to M . To show this, we change the indices and express M as
Assume that x := (x 1,i 1 , x 2,i 2 , . . . , x 2k+1,i 2k+1 ) is a semishape inX. Then, it is easy to see by disjointness that i 1 = i 3 and i 2 = i 4 ; by our observation on (1, 2k + 1)-extendable pairs, it also follows that i 1 = i 2k+1 . These equalities imply that i 1 = i 2 = i 3 = i 4 = i 2k+1 =: i. Indeed, note that x 1,i 1 + x 2,i 2 − 2x 2k+1,i 2k+1 = 0 and x 3,i 1 + x 4,i 2 − 2x 2k+1,i 2k+1 = 0. What remains is to show that i 5 = i 6 = · · · = i 2k = i. Assume the contrary, say, i 5 = i. Then it follows from x 5,i + x 6,i = x 5,i 5 + x 6,i 6 (= 2x 2k+1,i ) that i 6 = i. Consider the (2k + 1)-tuple obtained from x by replacing x 3,i , x 4,i with x 5,i 5 , x 6,i 6 , that is, (x 1,i , x 2,i , x 5,i 5 , x 6,i 6 , x 5,i , x 6,i , x 7,i , x 8,i . . . , x 2k+1,i ).
It, however, must be a shape in A by disjointness; this contradicts the choice of A. Hence we prove the claim.
To close up the argument for Case 2, apply Theorem 2.1 to M . We obtain that t = #M ≤ (Λ 1, 1 3 ,p−1 ) n . Recall that t = 1 k 2 #A . Hence, in Case 2, we conclude that #A ≤ k 2 (Λ 1, 1 3 ,p−1 ) n . Unifying both cases yields (♣).
Further direction
In Theorem 1.1 we considered 3-APs sharing the same middle term. We may relax this condition a little bit. More precisely, the statement of Theorem 1.1 still holds if we replace S * k with the following system of equations:
The reader is invited to verify that the proof of Theorem 1.1 is easily extended to the case above. However, the following problem is already beyond the reach of the proof of Theorem 1.1.
Problem 3.1. Let A ⊆ F n p do not admit any shape defined by x 1 − 2x 2 + x 5 = 0, x 3 + x 4 − 2x 5 = 0.
Then is it true #A ≤ C(p) n for some constant C(p) < p depending only on p?
If two variables appear more than once in the system, then the situation becomes much involved. In our sequel paper [MT19] , we also investigate semishapes associated with the following system of inequalities:
x 1 − x 2 − x 3 + x 4 = 0, x 1 − 2x 3 + x 5 = 0.
Geometrically, an S W -shape (x 1 , x 2 , x 3 , x 4 , x 5 ) is the combination shape of a 'parallelogram (x 1 , x 2 , x 4 , x 3 )' and a '3-AP (x 1 , x 3 , x 5 )'; it may be regarded as a 'W shape'. See figure 2.
Here we announce the following result in [MT19, Theorem 1.1 and Theorem B]:
Theorem 3.2 (Avoiding a 'W shape'). Let p ≥ 3 be a prime. Then there exists C W (p) < p that satisfies the following: For n ≥ 1, assume that A ⊆ F n p does not admit any S W -shape. Then we have #A ≤ 7 C W (p) · p n . 2 4 1 3 5 Figure 2 . An S W -shape Furthermore, we have that C W (p) ≤ inf{max{Λ 1,α,p−1 , Λ 2,β,p−1 } : 3α + 2β = 1, α, β > 0}.
For sufficiently large p, we have that C W (p) ≤ (0.985) 2 p. See [MT19, Remark 4.3] for details on this estimate.
